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^**^ ' In this paper, we prove a general halfspace theorem for constant 

• . mean curvature surfaces. Under certain hypotheses, we prove that, 

l- ~j ' in an ambient space M 3 , any constant mean curvature H$ surface on 

Cd . one side of a constant mean curvature H surface E is an equidistant 

surface to So- The main hypotheses of the theorem are that So is 
parabolic and the mean curvature of the equidistant surfaces to Eo 
evolves in a certain way. 

> 

in ', 1 Introduction 

in 

One problem in the theory of constant mean curvature surfaces (cmc sur- 
faces) is to know when two surfaces with the same constant mean curvature 
can coexist in the same ambient space M 3 . More precisely, if Si and S2 are 
two properly immersed constant mean curvature Hq surfaces in a Rieman- 
nian 3 manifold M 3 (these surfaces are called Hq surfaces), is the intersection 
Si n S2 empty? 

If we consider two spheres in ]R 3 with the same radius, we can put them 
such a way that they do not meet. But inside a sphere of radius one, there 
is no constant mean curvature one surface. 

If we consider non intersecting properly immersed minimal surfaces in 
]R 3 , D. Hoffman and W. Meeks |11] proved that these minimal surfaces are 
parallel planes. For example, any minimal surface on one side of a plane is 
a plane. This result is called a halfspace theorem. 

This result can also be stated in an other way. Let us consider a properly 
immersed minimal surface S in R 3 with compact boundary and P a plane. 
We assume that S lies on one side of P, then the distance between S and P 
satisfies d(P, S) = d(P, <9S) i.e. the distance is achieved along the boundary. 



Such a result is called a maximum principle at infinity. A very general 
maximum principle at infinity was proved by W. Meeks and H. Rosenberg 
in p3]. 

In a general setting, if Eo is a properly embedded constant mean curva- 
ture Hq surface in M 3 , a halfspace theorem with respect to Eo savs that Hq 
surfaces E that lies on one side of Eo are "classified" . Often, the classifica- 
tion implies that E has to be an equidistant surface to Eq. In this case, the 
halfspace theorem can be interpreted as a maximum principle at infinity. 

For example, A. Ros and H. Rosenberg |18j proved in M 3 that no Hq 
surface can lie in the mean convex side of a properly embedded Hq surface 
Eg (Hq > 0). We notice that this result says that any Hq surface in the mean 
convex side of Eo is an equidistant surface to Eo but, since the equidistant 
surface to Eq do not have constant mean curvature Hq, no such surface can 
exist. 

Other halfspace theorems were proved by several authors. We have half- 
space theorems with respect to horospheres in H 3 [IT], horocylinders in 
tfxl [10] , vertical minimal planes in NH3 and S0I3 [5] [6] and entire min- 
imal graph in N1I3 [6]. We notice that, in [6], B. Daniel, W. Meeks and 
H. Rosenberg prove that the only minimal surfaces on one side of an entire 
minimal graph in NII3 are the vertical translate of the entire graph. Since 
the distance between an entire graph and one of its translate is not constant, 
the classification is of a different nature. 

The aim of this paper is to give a general situation where a halfspace 
theorem is true. More precisely, we prove that, under some hypotheses, a 
Hq surfaces that lies on one side of a given Hq surface is necessarily an 
equidistant surface. 

Let M 3 be a complete Riemannian 3 manifold which is geometrically 
bounded and Eo a properly embedded constant mean curvature Hq surface. 
Our main theorem says principally the following (see Theorem[TJ for a precise 
statement) 

Theorem. Let Eo ^-> M 3 be as above. We assume that Eo is parabolic. 

1. Assume that the equidistant surfaces to So has mean curvature less 
than Hq in the non mean convex side of So- Then any Hq surface 
that lies in the non mean convex side of Eo and is well oriented is an 
equidistant surface to So- 

2. Assume that the equidistant surfaces to Eo has mean curvature larger 
than Hq in the mean convex side of E . Then any Hq surface that lies 
in the mean convex side o/Eq is an equidistant surface to Eq. 



In this result, the two important hypotheses are the parabolicity of So 
and the value of the mean curvature of the equidistant surfaces. In fact, So 
will be assumed to satisfy some other technical hypotheses (see Theorem[7]). 
The "well oriented" hypothesis means that, along the surface, the mean 
curvature vector points to S . When S is a minimal surface (H = 0), 
the hypothesis on the mean curvature of the equidistant surfaces is that the 
mean curvature vector does not point to Sq. In fact the hypothesis about 
the mean curvature of the equidistant surface says that the mean curvature 
evolves like the one of concentric spheres: inside the sphere of radius 1 the 
mean curvature is larger than 1 outside it is less than 1. 

If we consider M 3 = R 3 and Sq is a plane. Sq is parabolic and the 
equidistant surface are also planes, thus the mean curvature hypothesis is 
satisfied. The theorem then applies and we recover the classical halfspace 
theorem. 

Let us see why the hypotheses are important. We consider M 3 = H 2 x R 
and the upper halfspace model for H 2 i.e. M 2 = {(x, !/)£lx R;*j_} with the 
metric -^-(dx 2 + dy 2 ). In S7 = {(x,y) G R x R*, x > 0}, we consider the 

function u(x,y) = In — ■ . This function is a solution to the minimal 

surface equation (its graph in H 2 x R is a minimal surface). As x — > 0, 
u(x, y) — > +oo and, as y — > 0, u(x, y) — > 0. Let S be the graph of u. The 
minimal surface S lies on one side of the minimal surface So = H 2 x {0} 
and is asymptotic to it; so there is no halfspace theorem for So- In fact the 
mean curvature of the equidistant surfaces to So is 0. So the mean curvature 
hypothesis of the theorem is satisfied but So is not parabolic. The surface S 
lies also on one side of the minimal surface Si = {x = 0} xR. This times, Si 
is parabolic (it is a flat R 2 ) but the hypothesis for the mean curvature of the 
equidistant surfaces is not satisfied. Thus, both hypotheses are important 
in our statement. 

Let us make a remark about the halfspace theorem of B. Daniel, W. Meeks 
and H. Rosenberg with respect to entire minimal graph in NH3 (Theorem 1.4 
in [6]). Among all entire minimal graphs, certain are not parabolic, so their 
result is really of a different nature from the one we prove. 

The paper is divided as follows. In the first section, we recall some 
definition about constant mean curvature surfaces and we write the Stokes 
formula in a general framework that we need. 

In Section [3l we explain what is a parabolic manifold and we give a 
result that explain when the parabolicity is preserved by quasi-isometry. 
In Section U we explain what kind of ambient space we consider in our 
halfspace theorem. 



Section [5] is devoted to the proof of the first step of our main theorem. 
It consist in proving that, if a Hq surface lies on one side of an other one, we 
can assume it is stable. In section [6l we state our main theorem and finish 
its proof. 

In the last section, we apply our main theorem to some ambient spaces 
that have a Lie group structure. In this way, we recover known halfspace 
theorems [HJ H7J [TOl El [6] and prove new results. 

The author would like to thank H. Rosenberg for many interesting and 
helpful discussions 

2 Preliminaries 

In this section we recall some facts about cmc surfaces: what is the stability 
and what can be said about self-intersection. We also explain what is the 
Stokes formula in the setting of rectifiable boundary. Finally we define the 
area estimate we will use in the following sections. 

2.1 Stability 

Let S be a cmc surface in a Riemannian 3-manifold M. On S, the stability 
operator L acts on smooth functions on S by 

Lu = -An - (2Ric(n, n) + \A\ 2 )u 

where Ric(n, n) is the Ricci curvature of the ambient manifold, n is the unit 
normal vector to the surface and \A\ the norm of the second fundamental 
form of S. L is also called the Jacobi operator of S. 

The cmc surface S is said to be stable if the stability operator is non- 
negative on the set of smooth functions with compact support i.e., for any 
smooth function u with compact support, 

0< uLu= / \\Vu\\ 2 - (2Ric(n,n) + \A\ 2 )u 2 . 
Js Js 

The stability operator appears as the second derivative of the area for normal 
variations of the surface S or as the first derivative of the mean curvature 
(see 0). 

2.2 Stokes formula 

Let f2 be a domain in R n with a rectifiable boundary of finite 7-L n ~ l mea- 
sure. This is the same as saying that the current [Tl] associated to fi has 



a rectifiable boundary d[Q]. By Theorem 4.1.28 and Theorem 4.5.6 in [7j 
(see also 4.5.12 in [7] and 12.2 in [15]), for any smooth vector field X with 
compact support in M n , the Stokes formula can be written: 

[ divX(x)d£ n x= I X(x)-n(n,x)dn n - 1 x (1) 

Jn Jan 

where n(Q,x) is a unit vector called the exterior normal of Cl at x (see 
4.5.5 in [7j for a definition in this situation). This exterior normal is defined 
T-L n almost everywhere along <90. We notice that the definition of n(S7, x) 
is local and coincides with the classical unit outgoing normal vector for 
smooth boundaries. 

Moreover, the 'H n ~ 1 measure of <9$7 is equal to the mass of the n — 1 
current d[£l]. 

2.3 Self intersection 

Now let us consider D2, an open disk in 1R 2 , and D\, the open disk with 
the same center and half radius. On D2 x K, we consider a Riemannian 
metric g. Let /1, • • • , f n be smooth functions on D2 such that their graphs 
have constant mean curvature Hq with respect to the metric g and the mean 
curvature vector points downward. Let p in D2 such that fi(p) = fj(p) and 
V(/j — fj)(p) = 0, p is a singular intersection point. The structure of the 
set {fi = /?} near p is then described by Theorem 5.3 in [4j: it is the union 
of 2d embedded arcs meeting at p. Moreover such points are isolated. 

Let /o be a smooth function on D2 such that V(/o — fi) never vanishes 
wherever /o = fi. We notice that if p satisfies fi{p) = fj(p) and V(/« — 
fj)(p) ¥" 0) the level set {fi = fj} is locally an embedded arc. This implies 
that Iij = {fi = fj} is locally either a smooth arc or the union of embedded 
arcs meeting at a point. Thus Iij n D\ is compact. 

We define the function / by f(p) = minj fi(p). Let 0^ be the open subset 
Qi = {p E D\\ f{p) = fi{p) and \/j 7^ i f(p) < fj(p)}- The question is: what 
is the Stokes formula for such a domain fij? 

First we see that dili is included in the sets Iij and the boundary of D\. 
This implies that dCli is a 1-rectifiable subset of finite T-L 1 measure. Thus 
the above formula (HJ can be applied. But we need to understand what is 
n(Qi,x) and where it is defined. 

Let p be a point in d£li\dD\. First, since the singular intersection points 
form a discrete set, this set is finite in D\ and has vanishing T-L 1 measure. So 
we assume that p is not such a point. We denote by A(p) the set of indices 



j such that p G dtlj] we have i G A(p) and for any j G A(p) f(p) = fj(j>). 
There is two situations. 

First, the vectors V(/j— fi)(p) for j ^ I and j, I G A{p) are not all linearly 
dependant (this implies that the intersection of the tangent planes to the 
graphs of the fj, j G A(p), is a point). In this case, near p the domain Oj is 
included in an angular sector of angle strictly less than tt. This implies that 
the exterior normal n(Qi,p) does not exist. This is the same for n(£lj,p), 
j G A(p). 

Let us assume now that the vectors V(fj — fi)(p) for j / I and j, I G A(p) 
are all linearly dependant: the intersection of the tangent planes to the 
graphs is now a line (this is the case when A(p) has only two elements). In 
this case, all the curves Iji, j,l G A(p), are tangent at p. Let Lj be the 
differential of fj at p. For any i £ R 2 , we define L(x) = miiij e ^t p \ Lj(x). 
Since the Lj are linear and different, there exists, in fact, a unique subset 
{JI1J2} C A(p) such that L(x) = mm(Lj 1 (x),Lj 2 (x)). {L = Lj ± } and 
{L = Lj 2 } are half-planes and we denote by n the unit vector normal to 
{Lj 1 = Lj 2 } and pointing in {L = Lj.,}. Thus, for any A < 1, the affine 
angular sector {p + x, \\\x\\ < n ■ x} is included in VLj 2 near p and the affine 
angular sector {p + x, X\\x\\ < — n-x} is included in £lj 1 near p. This implies 
that n(£lj 1 ,p) = n, n(Qj 2 ,p) = —n and n(Qj,p) is not defined for any 
j G A(p) \ {ji, j'2}. In this case we say that p is in the set Tj lt j 2 = Fj 2 j 1 . 

Finally, with this definition, if X is a smooth vector field with compact 
support in D\, we get the following Stokes formula: 

I divX(x)d£ 2 x = Y^ I X(x)-n(n t ,x)dn 1 x. 

2.4 Area bounds 

In this subsection, we define a notion of area bound. Let M be a Riemannian 
3-manifold. Let p be a point in M and P be a plane in T p M. Let (ei, e2, 63) 
be an orthonormal basis of T p M such that P is the plane generated by e\ 
and e2- We denote by E Pt p(t) be the image by the exponential map at p 
of the ellipsoid {(x, y, z) G T p M\ x 2 + y 2 + 4z 2 < t 2 } where (x, y, z) are the 
coordinates in T p M with respect to (ei,e2,es). 

Let V(0 Pt p(t)) be the volume of Pt p(t) and A(dO P: p(t)) be the area 
of its boundary. We notice that, for t small, V(0 Pj p(t)) ~ (2/3)-7r£ 3 and 
A(dO p ,p(t)) ~ iirat 2 with a < 1. 

Definition 1. Let (Si)i be a family of immersed surfaces in a Riemannian 
3-manifold M. We say that the family satisfies a uniform area estimate of 



at most one leaf if for any p £ M and P a plane in T p M there exists to > 
and (3 < 1 such that, for any t < to and i, 

A(5i D Op >P (t)) < 2/3vrt 2 . 

If S is an immersed surface and p is a point in S, we have 

. f A(5no p , r „ s (t)) 

Inn mi k > 7T. 

t-s-o t 2 

Thus the area estimate of at most one leaf prevents S to pass at p more 
than one time with the same tangent plane. 

3 Parabolic manifolds 

In this section, we recall some definitions about the conformal type of Rie- 
mannian manifolds and we explain when the conformal type is preserved by 
quasi-isometry. We refer to [8] for a general presentation of conformal types. 
Let (M, g) be a Riemannian manifold. A continuous function u on a 
domain S] £ M is superharmonic if, for any precompact domain U CC $1 
and any harmonic function v G C 2 (U) n C°(U), v < u on <9f/ implies v < u 
on [/. If iii, • • • , ii n are superharmonic functions, we remark that u = inf, m 
is also a superharmonic function. 

Definition 2. Lei (M, g) be a Riemannian manifold. 

1. If dM = 0, M is parabolic if any bounded superharmonic function on 
M is constant. 

2. If dM 7^ ; M is parabolic at infinity if any bounded non-positive 
superharmonic function on M with u = on dM is constant. 

When dM ^ 0, M is often said to be "parabolic" instead of "parabolic 
at infinity", but we prefer to use different terminologies. In fact, there is a 
lot of equivalent characterizations of parabolicity (see [8]) and we will use 
certain of them below. As an example, a Riemannian manifold M without 
boundary is parabolic if and only if there exists a sequence (ip n ) n of smooth 
functions with compact support in M such that < cp n < 1, ((^~ 1 (l)) n is 
an increasing exhaustion by compact subsets of M and 

lim / ||V(p n || 2 =0 






/n 



We remark that a subdomain of a parabolic manifold, viewed as a manifold 
with boundary, is parabolic at infinity. 

Let (M, g) and (N, h) be two ra-dimensional Riemannian manifold and 
let F be a map from M to N. If k > 1, we say that F is k quasi- isometric or 
a local k quasi-isometry if, for any p G M and v G T p M, we have i||u|| fl < 
||T p F(-y)||/ l < fc||v|| fl . If M and iV has no boundary and F : M — y N is a k 
quasi-isometric diffeomorphism, M is parabolic if an only if N is parabolic. 
For parabolicity at infinity, we do not have such a result. In fact we have 
the following proposition: 

Proposition 1. Let (M,g) and (N,h) be two n- dimensional Riemannian 
manifold such that dM ^ and N has no boundary. We assume that 
(N, h) is parabolic and that there exists F : M —y N an injective local k 
quasi-isometry. Then M is parabolic at infinity. 

Proof. Let us assume that M is not parabolic at infinity, then it exists 
a harmonic function uu such that < um < 1, Um = 1 on dM and 
inf m um — (see [8] , um (x) is the probability that a Brownian motion from 
x hits the boundary of M). Let n £ (0, 1) be a regular value of um and 
ip G C^QR, [0, 1]) be a function such that ip = on [(1 + r/)/2,+oo) and 
ip = 1 on (—00,77]. 

Since F is a quasi-isometry, DF is invertible and g = F*(g) is well de- 
fined, g is a section over F{M) of the symmetric 2-tensor bundle. Moreover 
g is positive definite and we have -r^h < g < k 2 h. 

We denote by v the function umoF -1 on F(M) and we consider fi = pov. 
The function fj, is C°° on F(M) and vanishes on u~ 1 ([(l + i])/2, 1]). This 
domain contains a neighborhood of F{dM) = dF(M). So we can extend the 
definition of the function [i by to the complement of F(M). The function 
fi is then C°° on iV with /x = 1 on ?j _1 ([0,77]). 

On N, we define /i = (1 — fi)h + p,g (pg is well defined on N since /x 
vanishes outside F(M)). h is a global section of the symmetric 2-tensor 
bundle and we have: 

■jnh < ((1 - p) + -Tprih < h < ((1 - p) + k 2 fi)h < k 2 h 

So h defines a Riemannian metric on N and id^v : {N, h) — > (N, h) is a local 
quasi-isometry. 

Since (N,h) is parabolic, so is (N,h). Let v be the function defined 
by 77 outside F(M) and by mm(rj,v) on F(M); v is continuous on M. On 
tj -1 ([0, 77]), h = g so 7j _1 ([0, 77]) with the metric h is isometric by F with 
u M ([0,77]) C M. Thus, on ^([O, ??]), A~ h v = AgV = (A g u M ) o F" 1 = 



since uj\j is harmonic. On the complement to f _1 ([0,r/]), v is constant so 
A^v = 0. So v is a positive superharmonic function on (N, h) (it is locally 
the infimum of two harmonic function) and it is bounded from above by r]. 
v is then constant and equal to 77. This implies that um = V on u~^ ([0,?]]) 
which contradicts inf^ um = 0. This ends the proof of the proposition. □ 

4 Regular ^-neighborhood 

In this section, we explain what kind of ambient space we will consider in 
our main theorem. Let £ be a properly embedded constant mean curvature 
Hq surface in an ambient 3-manifold M. The e-tubular neighborhood of £ is 
the set of points in M at distance less than e from £. We can define the map 
F:Sx [— e,s] — > M, (x,t) I—)- ex.p x (tn(x)) where n(p) is the unit normal 
vector such that the mean curvature vector of £ at p is —Hon(p). The image 
of F is the e-tubular neighborhood of £. When F is a diffeomorphism, it 
gives a global parametrization of the neighborhood. Besides if Hq > 0, the 
image of F(Y> x [—£, 0]) is the mean convex side of the tubular neighborhood 
and F(S x [0,e]) is the non-mean convex side. When Hq = 0, no such 
distinction can be done. 

We want to take this situation as a model for our ambient spaces. 

Definition 3. Let (S,d<jQ) be a 2 -dimensional complete Riemannian man- 
ifold. An outside e-half neighborhood of T, is the 3-manifold with boundary 
M + (s) = S x [0, e] with a Riemannian metric ds 2 = dof +dt 2 where 1 1-)- dof 
is a smooth family of Riemannian metric on £ such that ds 2 is complete. 

An inside e-half neighborhood of £ is the 3-manifold with boundary 
M^(e) = S x [—£,0] with a Riemannian metric ds 2 = da 2 + dt 2 where 
t I—?- da 2 is a smooth family of Riemannian metric on £ such that ds 2 is 
complete. 

It seems that we define two times the same object but we prefer to use 
two different terms for the model of the mean convex side (the inside e-half 
neighborhood) and the non-mean convex side (the outside e-half neighbor- 
hood). 

Let M±(e) be a e-half neighborhood of £. If e' < e, the submanifold £ x 
[0, e'] C M + (e) is denoted by M + (e') and is an outside e'-half neighborhood. 
M_(e') = £ x [— e',0] C M_(e) is an inside e'-half neighborhood. 

We denote by £j the submanifold £ x {t}, £0 with its induced metric 
is then isometric to (£,d<jQ). £ is then isometrically embedded in M±{e). 
£ and £q will be often viewed as the same object. We denote M±(e) = 



M±(e)\T,Q. We also define the distance function d as d(x,t) = \t\, d is then 
the distance from So- Sj is the equidistant surface from So at distance |t|. 
On M±(e), we define the projection map -n : M±(e) — > So by ir(x, t) = (x, 0). 

We denote by ir t the restriction of n to T, t . 

d 
Let £ denote the unit vectorfield — . In the following, we always consider 

at 
— £ as the unit normal vector to the surface S 4 . This is with respect to this 

normal vector that we will compute the mean curvature. For (x, t) G M±(e), 

this implies that div£(x,i) = 2H(x,t) where H(x,t) is the mean curvature 

of Ei at (x,t). 

Let H > be a constant we say that M + (e) satisfies the H < H 

hypothesis if: 

for any t S [0, e] the mean curvature of St is less than Hq at any point. 

We say that M_(e) satisfies the H > Hq hypothesis if: 

for any t £ [—£,0] the mean curvature of St is larger than Hq at any point. 

Definition 4. Let (S,do"Q) be a complete 2 -dimensional Riemannian man- 
ifold. Let M±(e) be an outside or inside e-half neighborhood. We say that 
M±(e) is regular if 

1. there is k > such that irt is a k quasi-isometric map for any t with 

|t| <£. 

2. there is C such that the norm of the second fundamental form of S< is 
bounded by C for any t with \t\ < e. 

3. M±(e) is geometrically bounded. 

Let S be a properly immersed cmc Hq surface (Hq > 0) in M±(e) with 
S C MJ.(£) and possibly nonempty boundary in £± e . Along 5, we always 
consider the unit normal vector n such that the mean curvature vector is 
Hqu. We denote by D the connected component of M±(e) \ S that contains 
So- Consider a point p in SndD. Let A C S an embedded neighborhood of 
p. Let us consider the map F:Ax (—77,77) — > M±(e), (q,t) 1— > ex.p q (tn(q)). 
F is an embedding if 77 is small enough and its image is a neighborhood 
of p in M±(e). We say that the mean curvature vector of S at p points 
into D (resp. not into D) if, for any sequence (p n )n in D with p n — > p, 
p n e F(A x [0,7/)) (resp p n G F(A x (—77,0])) for large n. 

We say that S is well oriented if, for any point in S n 3D, the mean 
curvature vector of S points into D (resp. not into D) when S 9-*- M + (e) 
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(resp. S S-s- M_(e)). We notice that, when S is minimal (Hq = 0), S can be 
assumed to be orientable by considering a covering space. Moreover it can 
always be considered as well oriented. 

5 Construction of stable constant mean curvature 
surface 

Let M±(e) be an e-half neighborhood of a surface (S, da^) such that So has 
constant mean curvature Hq . The main result of our paper says under which 
hypotheses we have a halfspace theorem for So : any properly immersed 
constant mean curvature Hq surface in M±{e) is an equidistant surface to 
So- In this section, we explain that, if such a constant mean curvature Hq 
surface exists, we can assume that it is stable. 

Theorem 2. Let (So,da"o) be a complete orientable Riemannian surface, 
e be positive and Hq be non-negative. Let M±(e) be an inside or outside 
e-half neighborhood o/S. We consider a properly immersed constant mean 
curvature Hq surface S in M±{e) with possibly nonempty boundary in S £ 
and S C M± (e) . We assume that the lower bound of the distance function 
d on S is 0. 

1. If S °r> M + (e) is well oriented and M + (e) satisfies the H < Hq hy- 
pothesis. There exist e' > and a properly immersed constant mean 
curvature Hq surface S' in M + (e') with non empty boundary in S e / 
such that S' C Mjj^e'), S' is stable, well oriented and the distance 
function d on S' is not constant. 

2. If S °r> M_{e) and M__(e) satisfies the H > Hq hypothesis. There exist 
e' > and a properly immersed constant mean curvature Hq surface 
S' in M_(e') with non empty boundary in S e / such that S' C M* ( e'), 
S' is stable and the distance function d on S' is not constant. 

The remaining part of the section is devoted to the proof of this result. 
But let us begin by some remarks on the proof and the result. 

The first remark is that, for Hq = 0, both cases are in fact the same 
since the good orientation hypothesis has no meaning and the outside and 
inside half neighborhoods play the same role for minimal surfaces. 

Besides the proof of both cases are very similar, so, the detailed proof is 
written for the first case with Hq > 0. Then we explain the differences for 
the other ones. 
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One more remark about this result is that, if S is stable or if a surface 
S n M±(e'), for e' < e, is stable then this surface gives the surface S' we 
look for. If no such surface is stable, the surface S' produced by the proof 
is, in fact, embedded and well oriented in both cases. 

A large part of the proof is inspired by the work of A. Ros and H. Rosen- 
berg in [18] and L. Hauswirth, P. Roitman and H. Rosenberg in [9]. 

5.1 S^M + (e) and H >0 

Let us consider S in ATjL(e) with Hq > 0. First we need to introduce objects 
that will be used in the proof. 

5.1.1 Definition of the barriers 

Let xo be a point in S and 770 > such that the exponential map exp^ for 
the metric d<7Q is a diffeomorphism from the disk of radius t/q in T X0 Y, into 
a neighborhood D vo of xq. Since S is properly immersed, there is Eq such 
that D m x [0, £o] H S = 0. In D m x [0, eq] we consider the chart exp x xid 
defined on A w x [0,Eq] where A vo is the Euclidean disk in T X0 T, of radius 
r/o- Let rj be small and consider in A w x [0,£o] the surfaces of revolution 
C Vi t parametrized by 

(Tj 1] 1] \ 

(t cosu) cosn, (t cosu) sin-u, -(1 + sinu) 1 

where (it, v) E [0, 2ir] x [—it/2,it/2], t < tjq and r] < mm(r]o,eo). 

Let rj be sufficiently small so that the surfaces C^t are well defined 
for t G [77/2,77]. We denote by K the compact domain of A Vo x [0,77/3] 
bounded by C^/2 and containing the origin. For t G [77/2,77], we denote 
by Qt the domain of A. Vo x [0,77/3] bounded by C v ^/2 and C Vt t (Qt C Q v )- 
Q n is foliated by the surfaces C Vt t for t G [77/2,77]. On these surfaces, the 
mean curvature vector does not point to K and its norm is larger than 
I/77. We denote by /Q, ar , Qb ar ,t and C V) t the images of K, Q t and C v j in 

o 

D Vo x [0,e ] C M + (e ) (see Figured]), we also denote Q bar j = Q bar ,t \ C v ,t- 
In fact, Kbar U Qbar,r] C M+(r}/3) and these subsets do not meet S. Let ^ ar 
be the unit vector normal to C^j which does not point to KLbar- ibar is a 
unit vector field on Qbar,r] and, because of the value of the Euclidean mean 
curvature, we can choose 77 sufficiently small such that div£& ar . is as small 
as we want. So we choose 77 such that div£f, ar < 2Hq and 77/3 is a regular 
value of the function d on S. 
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bar,i] 





Figure 1: 



We write E\ = r//3. From now on, we work in M + {£\) and we consider 
the restriction of S to M + (ei) which we still call S. 

As explained above, if S is stable Theorem [2] is already proved so we 
can assume S is not stable. Hence there exists an exhaustion (K n ) n of E by 
compact subsets such that, for any n, S n = S n K n x [0, £i] is not stable. 

We denote by D the connected component of M + {ei)\S that contains So 
and D n = DC\ {K n x [0, e\\). We notice that ICb ar U Qbar.q C D n for large n. 
Since S is well oriented, the mean curvature vector of S points into D n along 
S n dD n . Let ip be the first eigenfunction of the Jacobi operator of S n : 93 
vanishes on dS n , is positive at the interior of S n and satisfies — Ltp + Xnp = 
where L is the stability operator and Ai is a negative constant. Perturbing 
the K n , we can assume that is not an eigenvalue of — L, hence there is a 
smooth function v on S n , vanishing on the boundary such that — Lv = 1 

dip 
in S n . By the boundary maximum principle, the outing derivative — — is 

ov 
negative along dS n . Thus for a small enough, the function u = tp + av is 

positive in the interior of S n - 

Let N(x) be the unit normal to S n such the mean curvature vector 

is HoN(x). For to > 0, we define, on S n x [0, to], the map F(x,t) = 

exp x (tu(x)N(x)), we assume to small such that F is an immersion. We 

then denote Q„ ns = S n x [0, to] with the induced metric F*ds 2 . In Q™ ns we 

consider the surfaces Sf = S n x {t} which foliates <2™ ns . Let £, uns be the 

unit vector field defined on <2" ns normal to 5 t n . We have div£ uns = — 2H t 

where Ht is the mean curvature of 5". Moreover, we have: 



4- m 

at \t=o 



-L'u = —Xi(p + a > 



d.O 



so, choosing t small enough, we get H t > H . We define Q U ns = F{Quns)^ 



13 



D n and V n = D n \ Quns (see Figure [2]). In fact, to is also chosen such 
that £> n _i n (K n _ 2 x [0, £1]) C V n n (i^n-2 x [0, £1]). This implies that the 
sequence (T> n ) n is increasing with respect to compact subsets. We can also 
assume that U n V n = D. 

The surface S™ is immersed by F in M + (e\) and the normal vector 
F*{£,uns) points to V n along S n where S n = F(Sl l ) n dV n . Let x be a point 
in 5 t ™ and consider D x C £^ a small open geodesic disk which is embedded 
in M + (ei) by F. Let if) be a smooth function on <SP vanishing outside D x 
and positive in D x . We then define on S™ x [0, 2t x ] 

G(p,t) = exp F(p) (^(p)F*(^n S (p))) 

If we choose t x small enough, we can assume that G is an embedding on 
D x x [0, 2t x ]. In G(D X x [0,2£ x ]), we define £ x the unit vector field normal 
to the embedded surfaces Sf = G(D X x {£}) with £ x = F*(£ uns ) along <Sq . 
Since the mean curvature of Sq is larger than 2Hq, if t x is small enough, we 
can assume that div£ x < —2Hq. 

For 5 G [1,2], we denote Q x>s = G(D X x [0,<5i x ]) (see Figure [2]) and 

O 

Qx,6 = <2(Ac x [0,5^)). Now we define 

Since F*(Cuns) points to V n along <S n , any point in S n is at a positive 
distance from £> n \ Quns- 




b n 



CT 



2?„ 



Figure 2: 
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Let t\ > be small and, for /j, £ (0, 1], let us define Qp ar ^ = K n x [0, fit\]. 
t\ is chosen such that Qp ar i C V n and Qp arl D Quhs = 0- Qp ar ,i * s foliated 
by the equidistant surfaces to So and we have div £ < 2Hq since the H < Hq 
hypothesis is satisfied. 

5.1.2 Construction of compact stable constant mean curvature 
surfaces 

With the notations of the preceding subsection, we have the following lemma. 

Lemma 3. There exists e 2 £ (0,£i) and po £ S such that, for large n, there 
exists a stable constant mean curvature Hq embedded surface S' n in (T) n+ \ n 
K n x R) \ (ICbar U Q n a ^ 1 1 / 2 ) with boundary in dK n x M. and K n x {e 2 } and 
S' n r\[n(j>o),po] / 0. Moreover the surfaces S' n are well oriented i.e. the mean 
curvature vector points into the connected component of (D n+ inK n xM)\S' n 
which contains K n x and the surfaces S' n , n large, satisfy a uniform local 
area estimate of at most one leaf. 

Before the proof of Lemma [3j let us explain why we introduced the 
subsets K har , Qbar,t, Quns, Q x ,s and Qp ar ^. In fact the subsets Qb ar ,t, Quhs, 
Q X) s and Ql ar „ are used as barriers to prevent the surface S' n from touching 
K-bar-, S n and So- So QZ'ns and Qp ar ^ are used to prescribe the boundary 
of S' n . Once we have the sequence S' n , we construct S' as the limit of this 
sequence. We then use ICb ar as a barrier to control the possible limits of the 
sequence. 

Let us come back to the proof. 

Proof of Lemma [3 Let T be the family of open domains Q in 2? n +i \ ICbar 
with rectifiable boundary such that 5 n +i C dQ. In the following, S will 
denote the complement of 5 n +i in dQ. On J 7 , we define the functional: 

F(Q) = A(8Q) + 2H V(Q) 

where V(Q) is the volume of Q and A(dQ) is the H 2 measure of dQ. We 
recall that A(dQ) is also the mass of the current d[Q], it is interpreted as 
the area of the boundary of Q. The idea is to find Qq G J- which minimizes 
F in T then the part of the boundary of Qq in T> n+ i will be the surface S' n 
we look for. 

Claim 4. Let Q be in T . 

1. Lf Q n Qbar,2ri/3 ¥" 0> there exists t S [2r//3, rj\ such that Q \ Qbar,t £ J 7 
andF{Q\Q bar ,t)<F{Q). 
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2. IfQn Qp+] 1/2 / 0, there exists n e [1/2, 1] such that Q \ Q£+^ e F 
andF(Q\Q%+^)<F(Q). 

Proof of Claim [7} Let Q be in F and assume that Q n Q bar ,2r)/3 / as in 
Assertion 1. 

Since dQ has finite H 2 measure, the coarea formula implies that there 
exists t £ [277/3,77] such that H 1 ^ n C^ )t ) < +00. Thus % 2 (cS n C^ )t ) = 0: 
this set is negligible in the following computations. 

First Q n Qbar,t ¥" nas a rectifiable boundary, thus applying Equa- 
tion (HJ) of Subsection 12.21 with div£& ar < 2Hq, we have: 



'QnQ barit 



2H V(QnQ bar ,t)> [ div^ 

jQr\Q bar ,t 

> f (Zbar(x),n{QnQ bm , t ,x))dn 2 ds 2 
Jd(QnQ bar . t ) 

> / ^bar(x),n{Qr\Q bar , t ,x))dn 2 ds 2+ (?6ar,n(QnQ6ar,t,a:))d^ a . 

Jfinc„ f ift,„ r ,n5 



We notice that the computation are made with respect to the metric ds 2 
and results of Subsection 12.21 are still valid in this setting. On C rh t n Q, we 
have £,bar(x) — 7i(Qn Q&anzO everywhere, thus: 



^4(2 n c, t ) = / (Zbar, n(Q n S 6ar; x))dU 2 ds2 

jQnc v , t 

<- [ o {Cbar,n(QnQ bar ,x))d'H 2 ds 2 + 2H V(QnQ bar ) 

jQbar, t r\S 

< A(Q b ° arjt n S) + 2H V{Q n Q bar ). 
This implies that 

F(Q \ Q bar ,t) = A{8Q) - A(Q° ar , t n S) + A(Q n C V:t ) + 2F (F(Q) - F(Q n Q bar )) 

< F(Q). 

Assertion 1 is then proved. Assertion 2 follows from the same arguments. 

□ 

Let K n+ i/2 be a compact subset of £ such that 

o o 

K n C K n+1 / 2 C K n+1 / 2 C K n+1 . 
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Claim 5. Let Q be in F . If Quts' fl (K n +i/2 x [0,£i]) <£_ Q, there exists 
Q! G F such that Q2+ 1 ' 1 n {K n+1/2 x [0,£i]) C Q! and F(Q') < F{Q). 

Proof of Claim Let Q be in F as in the claim. The subset Q« ns ' n 



(K n+ i/ 2 x [0,£i]) is compact so there exists a finite number of points X{ G 
QS+ 1 ' 1 n (tf n+1/2 x [0, £l ]) C (J Q Xi>3 /2 



5 f ™ +1 such that 



As in proof of ClaimH there is <5i G [3/2, 2] such that U 2 {SV\S x & l tx ) = 0. 
We denote 0\ = {Q Xll Sx H ^n+i) \ Q- The boundary of Oi is composed of 

o 

a part <9i0i =5n Qxi,<5u a second part c^Oi C S^\ in the complement 

of Q and a third one of vanishing T{ 2 measure. In Q Xl ,$ , we have the unit 
vector field £ Xl which satisfies div£ Xl < —2Hq. Then: 



2H V(O 1 ) <- f div^ 
J Ox 



<-/ {£ Xl (x),n(Oi,x)) 
JdOx 



<-/ (£ Xl (x),n(0i,x)>- / (etx(a:),n(Oi,x)). 

Jd 2 Ox JdxOx 

where, for simplicity, we have omitted to write the measures. On d 2 0\, 
£ Xl = n(Oi,x) thus 

2H V(O 1 )+A(d 2 O 1 ) = 2H V(O 1 )+ [ (U(*)MOi,x)) 

JdiOx 



<-/ ^ Xl (x),n(Ox,x)) 
JdxOx 

The interior Q\ of QuOi is an element of J 7 (the boundary is still rectifiable) 
and 

F(Gi) = 2tf (V(Q) + V{Oi) + A(dQ) + A{d 2 O l ) - A(&0i) 
<^(S) 

Now considering 02 = (Qx 2 ,52 ^ ^n+l) \ 2i an d Q2 the interior of Qi U 02, 
we prove by the same argument that Q 2 G J 7 and F(Q2) < F(Qi). Doing 
this a finite number of times, we construct the subset Q'. □ 
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Let us now consider (Qk)k a minimizing sequence for F. Because of 
the claims, we can assume that the sequence satisfies Q& n Qba,r,2r)/3 = $> 

2fc n Qpar,l/2 = and 2 «^ 1 ' 1 n ( A 'n+i/2 x [0, £l]) C Q fc . By the compactness 
theorem for integral currents (see Theorem 5.5 in [15]). there is Qoo a cluster 
point of the sequence for the flat topology. As a limit of a subsequence 
of (Qfc)fc, Qoo is a domain in T> n +\ with a rectifiable boundary such that 
QoonQ bart2v/3 = 0, GoonGj£ 1/2 = and QSni-'nlA^+x/a x [0,ei]) C Qoo. 
Moreover Q^ minimizes A since the area functional A(dQ) is lower semi- 
continuous for the flat convergence and V(Q) is the integral over Q of the 
volume differential form. Since Qoo minimizes F, the part of (?Qoo inside 
the interior of T) n+ i is a local isoperimetric surface in the sense of [13], by 
regularity theory (see Corollary 3.7 in [H] ) we obtain that this part of <9Qoo is 
a smooth surface which we denote by S n+ \. Since Qoo minimizes F, S n+ \ has 
constant mean curvature Hq with mean curvature vector pointing outside 
of Qoo and it is stable (see computations in [2]). Since Qoo H Qb a r,2r)/3 = $■> 
Qoo n Q;+) 1/2 = and Q0+ 1,1 n (A n+1/2 x [0,ei]) C Qoo, the part of the 
boundary of 5 n +i in A n+1 / 2 x [0, E\] is only in A n+1 / 2 x {ei} (here we speak 
about a non necessarily regular boundary). 

Once all the surfaces S n+ \ are constructed, we choose e 2 < £i a regular 
value of the distance function for all the S n +i and we define S' n = S n+ i n 
(K n x [0, £2])- We notice that S' n may be empty for small n if e 2 is too small; 
but, for large n, S' n 7^ 0. Let po G <SnM_|_(£ 2 ) be a point such the geodesic arc 
[poj tt(po)] does not meet the surface S. For n large enough 7r(po) £ ^n and 
Po T^ni this implies that S 1 ^ n [po, tt(po)] 7^ 0- These surfaces S^ are in fact 
the ones we want to construct. First the surface is well oriented since it is a 
part of the boundary of Qoo- For the area estimate, let us consider a point p 
in D and P a plane in the tangent space. Since U n T> n = D and the sequence 
(T> n ) n is increasing with respect to compact subsets, there is to and no such 
that, for t < to and n > tiq, Pt p(t) is a subset of T> n . Since Qoo minimizes 
F we have F(Qoo) < F(Qoo \ 6 p>P {t)) and F(Qoo) < A(Qoo U O p , P (t)), this 
implies that: 

A(s' n n o p , P (*)) + 2HoV(Q 00 n o P)F (t)) < A(do p , P (t) n Qoo) 

A(5^ n O p , P (t)) < A(dO PtP (t) \ Qoo) + 2H V(O P)P (t) \ Qoo) 
Thus, taking the sum and dividing by two, 

A(S' n n O p , P (t)) < A(dO p , P (t))/2 + H V(O PiP {t)) 
which is uniformly less that 2f3irt 2 for some /3 < 1 and t small because of the 
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asymptotic behaviour of A(dO Pt p(t)) and V(0 Pt p(t)) (see Subsection [2^ 

D 

5.1.3 Construction of the surface S' 

The last step of the proof of Theorem [2] is to obtain a limit to the sequence 
(S' n ) n . We choose £3 less than £2 and we consider k G N. For every n > k + 1 
and p £ S' n n (Kk x [0,63]) the distance from p to the boundary of S n is 
bounded from below by a constant depending only on k and £3. From the 
stability of S n , this implies that the norm of second fundamental form of S' n 
is bounded in K^ x [0,63]. Besides the sequence (S' n ) n satisfies to a uniform 
local area estimate. The curvature and the area estimate implies that the 
sequence of surface has a subsequence that converge to a stable cmc H 
surface in K^ x [0,63]. Because of the area estimate, the convergence has 
multiplicity one and the limit surface is embedded. Since the surfaces S' n 
cuts the geodesic arc [n(po),Po] we can assume that this is also the case for 
this limit surface. Then by a diagonal process, we obtain a stable cmc Hq 
surface Soo in £ x [0, £3]. We have S^f] [7r(po),Po] thus Soo <£_ S £3 . Moreover 
Soo is well oriented as limit of well oriented surfaces. 

One thing we have to check is that Soo is in fact in £ x (0, £3]. If it is not 
the case, Soo touches So and by the maximum principle we have Soo = £o- 
By construction, the sequence S' n never enters in JCbar so it is the same for 
Soo and we obtain Soo 7^ £o- 

Moreover Soo is not included in an equidistant surface £j. By construc- 
tion, Soo is between £0 and S and inf^ d = 0, this implies that d can not 
be constant along 6*00. 

Now choosing e' a regular value of the distance function d on S^ (we 
assume that e' is part of the image of d along Soo), we can consider S' = 
Soo n S x [0, e']: S' then has its non empty boundary in £ x {e'}. S' is then 
a complete stable cmc Hq surface which is properly embedded in S x [0, e']. 
Moreover S' is well oriented and d is not constant along S'. 

5.2 #o = 

In this case, the cases 1 and 2 of Theorem [2] are the same, so assume that 
S 9-> M + (e). The proof is essentially the same, the only difference comes 
from the fact that the "well oriented" hypothesis has no more meaning. 

So as above we define, /C& ar , Qbar,t and £& ar such that div£& ar . < 0. This 
gives a e\ . 

We introduce the compact K n and the domain D n . As above we assume 
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the instability of S n and consider tp such that L v = \\tp, v such that — Lv = 1 
and u = tp + av. Let N(x) be the unit normal to S n . For to > we define, 
on S n x [— to, to], the map F(x,t) = exp x (tu(x)N(x)) and assume that to is 
small enough to ensure that F is an immersion. S n X [—to, to] with the metric 
F*ds 2 is foliated by 5™ = S n x {t}. Because of -Lu = —\\tp + a > 0, if t 
is chosen small enough, the mean curvature vector of F(S'[ l ) and F{S T L t ) is 
non vanishing and points "outside" .F(S n x [— t ,to]). 

Thus for any rr G 5^ U S™ t we can define as above Q x ,s an d ^ with 
div^. < 0. Then we define Quhs = F(S n x [-t ,t ]) n D n , V n = D n \ Qu' ns 
and 

Qui = v n n |J Q,,! 

x 6 5 t " u5!! to 
With these notations, the end of the proof is the same. 

5.3 S<HM_(V) and H > 

When 5 S-> M_(e), the differences comes from the fact that the surface is 
not assumed to be well oriented. 

As above, we define, fCb ar , Qbar,t and £(, ar such that div^ ar < —2Hq. 
This gives e±. We introduce the compact subsets K n and the domain D n . 

We use the instability of S to define tp such that L v = \\(p, v such that 
— Lv = 1 and u = tp + av. If N{x) is the unit normal to S n such that the 
mean curvature vector is 2HqN{x), we define F(x,t) = exp x (tu(x)N(x)) on 
S n x [— to,0] with to > small so that F is an immersion. S n x [— to,0] with 
the metric F*ds 2 is foliated by 5 4 n = S n x {t} and we extend to S n x [—to, 0] 
the definition of N as the unit normal vectorfield to the surfaces <S". 

Since — Lu = —\\tp + a > 0, if to is small enough, the mean curvature 
of F(S™ t ) computed with respect to N is less than Ho. We define Quhs = 
F(S n x [-t , 0]) n D n and V n = D n \ <£&,. 

As above for any x G 5" io , we consider D x C <S" to a small open geodesic 
disk which is embedded in M + (ei) by i* 1 . Let V' be a smooth function on Sf Q 
vanishing outside D x and positive in D x . We then define on 5™ t[) x [0, 2t x ] 

G(p,t) = exp F(p) (-til>(p)F*(N(p))) 

If we choose t x small, we can assume that G is an embedding on D x x [0, 2t x ]. 
In G(D X x [0, 2t x ]), we define £ x the unit vector field normal to the embedded 
surfaces Sf = G(D X x {t}) with £ x = —F*(N) along S§. Since the mean 
curvature of Sq is less than 2Hq, if t^ is small, we can assume that div^ < 
2H Q . 
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We denote Q x , s = G{D X x [0, St x ]) for 5 G [1, 2]. We also define 
Qu'ns = V n n \J Q x>1 . 



-65? 



Since the surface S n can be not well oriented, we need to introduce new 
barriers. For any x G S n , we consider A x C S n a small open geodesic disk 
which is embedded in M+(ei). Let 77 be a smooth function on S n vanishing 
outside A x and positive in A x . We define on S n x [0, 2t x ] 

H(p,t)=exp P (tv(p)N(p)) 

with t x small enough such that H is an embedding on A x x [0, 2t x ]. In 
H(A X x [0, 2tj;]), we define ^ ri the unit vector field normal to the surfaces 
^orit = H(^-x x {*}) with Q ri = N along A x . Since the mean curvature 
vector of S n is HqN, if t x is small enough we have div£^ ri < 2Hq. 

We denote Q^ = F(A X x [0,i/* x ]) and Q^ = F(A X . x %ut x )), for 
1/ G [1,2] and : 

Q n > l =V n C\ I I Q x > 1 

X&S n 

Let S n be part of the boundary of V n in F(S r l tQ ) U 5 n ; this the part of 
&D n not in So and dK n x R. Any point in 5 n is at positive distance from 

P n \(2iuS n j). 

Then we define Qp ar „ = if n x [— //ti,0] and introduce £ par = — £■ We 
have div£ par = — div£ < —2Hq because of the H > Hq hypothesis in M_(e). 

An equivalent of Lemma [3] can be proved. The idea is now to minimize 
the functional F(Q) = A(dQ) - 2H V(Q) where Q G F and F is the 
same family of domains in T> n +\. We first remark that Claim [3] is still true. 
Claim [5] is replaced by 

Claim 6. Let Q be in F. 

1- If Quns' n (K n+1 / 2 x [0,£i]) <t Q> there exists Q' G F such that 
Quit 1 n (K n+1/2 x [0,ei]) C Q! and F(Q') < F(Q). 

■.n+1,1 



2. If Q™ r i ' n (K n+1/2 x [0,ei]) t Q, there exists Q' G F such that 

1/2 



Q^ 1 ' 1 n (K n+1/2 x [0, £l ]) C & and F(Q') < F(Q). 



Proof of Claim [6j The proof of both items are the same so let us prove the 
second one. Let Q be in F and Q n ori ' n (K n+ i/ 2 x [0, £1]) <jt Q. As in the 
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proof of Claim the subset Q™ ri ' n (K n+1 / 2 X [0,£i]) is compact so there 
exists a finite number of points X{ G SVi+i such that 

Q^ 1 ' 1 n(ir n+1/2 x[o, £l ])clJCf /2 - 

i 

As in claims H and there is v x G [3/2, 2] such that n 2 (SnS^ ivitx ) = 0. 
Then we denote 0\ = (Q^f 1 C\V n+ i) \ Q. The boundary of 0\ is composed 

o 

of a part d\0\ = S n Qq,^ 1 an d a second part c^Oi C 5^ t in the 
complement of Q and a third part of vanishing T~L 2 measure. In Q^f 1 > we 
have the unit vector field £?*■ which satisfies div^ 1 - < 2Hq. Then : 



2H V(O 1 ) > [ div^ 



JdOx 



> 



[ (C\MOi,x))+ [ (C^niOux)). 
Jd 2 Oi JdiOi 

Ond 2 O u ej i = n(0 1 ,x)thns 

A(d 2 1 ) - 2H V(O 1 ) = [ {C^niOi.x)) - 2H V(O 1 ) 

Jd 2 Oi 

<- f (dMOi,x)) 

JdxOx 

< A(d 1 G 1 ). 
Qi = Q U 0\ is an element of J- since the boundary is still rectifiable and 
F{Q U Oi) = -2H Q {V(Q) + V(O x )) + A(8Q) + A(SbO0 - A^d) 

< F(Q)- 

Repeating this a finite number of times we construct the subset Q' . □ 

As in proof of LemmaHl we obtain a minimizer Q^ and a smooth surface 
<S n +i which gives us S' n . The uniform area estimate is also proved by the 
same way. 

Once the sequence S' n is constructed, the end of the proof of Theorem [2] 
is the same as in the first case. 
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6 The halfspace theorem 

In this section we prove our main theorem. 

6.1 Some preliminary computations 

We begin by some computations. Let £ be a Riemannian surface and M±(e) 
be an e-half neighborhood of S. Let S be a constant mean curvature Ho 
surface in M± (e) . We denote by V the connection on M± (e) and we denote 
by V and A the connection on S and its associated Laplace operator. 

Let / be a function on M, we want to compute A/(d). Along S, we 
denote by (ei, e 2 , 63) an orthonormal basis of TM±(e) such that e 3 is normal 
to S and the mean curvature vector to 5 is Hq6 3 . For any function g defined 
in M±(e) we have : 

2 
A3 = V(V ei V 5 , a) + 2(Va, H e 3 ) 



i=l 



Thus if g = f o d, we get: 

A/ o d = /"(d) £(Vd, e 4 > 2 + /'(d) ( ^<V e ,Vd, a) + 2(Vd, H e 3 ) ) 

i=l \j=l / 

For any point in M±(e), we denote by (01,02) an orthonormal basis 
of TSt which diagonalized the shape operator of S^. Let k\ and k 2 the 
associated principal curvature such that V ai £ = kjOj for i = 1,2. (ai,a 2 ,$,) 
is then an orthonormal basis of TM±(e), we write 03 = £ and we have 
V a3 a3 = 0. Moreover, we define (^l)i<i,j<3 such that 

3 

3=1 
Using these expressions and working in M + (e) where Vd = 03, we have: 

A/ o d = /"(d)(A? 2 + \f) + /'(d) ( J2(X}K iai + A?« 2 a 2 , Ajoi + A?a 2 + Afa 3 > + 2H X 3 3 

= /"(d)(l - A| 2 ) + /'(d) ( Kl (Af + A 2 2 ) + n 2 {xf + Af ) + 2 J ff A| 
= /"(d)(l - A| 2 ) + /'(d) (( Kl + «a) + 2^ Ai - «iA^ 2 - « 2 Ai 2 ' 



23 



Since the vector (A3, A3, A3) has norm 1, there exists (p, 9) G [0, n] x [0, 2ir] 
such that 

(A 3 , A 3 , A 3 ) = (sin tp cos 9 , sin tp sin 9 , — cos ip) 

The "— " sign in the last coordinate is there in order to make p close to 
in the proof below. Besides, if M + (e) satisfies the H < Hq hypothesis and 
/ is an increasing function, we obtain: 

A/od < /"(d)(l-cos 2 tp)+f'(d)(2H (l-cos p)-(/ci cos 2 9+k 2 sin 2 9) sin 2 tp) 

A/od< /"(d) sin 2 ip + f(d)(2H (l - cos tp) - (m cos 2 9 + k 2 sin 2 0) sin 2 y>) 

(2) 
If we work in Af_(e), we have Vd = — 03 thus: 



A/ o d = /"(d)(A? 2 + Ai 2 ) - /'(d) ^(AjAdOi + A 2 K 2 a 2 , Ajoi + A 2 a 2 + A?a 3 > + 2if AJj 



3 2 -\ ^/,n |\^/U„ „. 1 \2 \1„ , \2„ 1 \3„_\ , orr_\3 

i=l 



/"(d)(l - Af) - /'(d) [nriXY + Xl) + k 2 (XY + Af) + 2tf A 
/"(d)(l - A| 2 ) - /'(d) f( Kl + «2) + 2if Ai - Kl A 3 2 - K2 A 22 



The vector (A3, A§, A|) has still norm 1, so there exists (tp,9) G [0,tt] x 
[0, 27r] such that 

(A 3 , A 3 , A 3 ) = (sin</jcos0,siny>sin0, — cosy?) 

If M_ (e) satisfies the H > i?o hypothesis and / is an increasing function, 
we obtain: 

A/od< /"(d) (1 - cos 2 tp) + f'(d)(2H (cos tp - 1) + («i cos 2 fl + k 2 sin 2 0) sin 2 tp) 
< /"(d) sin 2 tp + /'(d)(2iJ (cosv3 - 1) + («i cos 2 + k 2 sin 2 0) sin 2 y>) 

Since cosy? — 1 < 0, we get: 

A/ o d < (/"(d) + /'(d)(«i cos 2 6 + k 2 sin 2 0)) sin 2 tp (3) 

6.2 The main theorem 

Let us now state and prove our main result. 

Theorem 7. Let (£, g\uq) be a complete orientable Riemannian surface, 
e be positive and Hq non-negative. Let M±(e) be an inside or outside e- 
half neighborhood of S. We consider a properly immersed constant mean 
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curvature Hq surface S in M±{e) with possibly non-empty boundary in £ £ 
and S C M±(e). 

We assume that (E,cI<7q) is parabolic. We also assume that M±(e) is 
regular. 

1. If S S-> M + (e) is well oriented and M + (e) satisfies the H < H hy- 
pothesis. The distance function d is constant on S. 

2. If S °r> M-(e) and M_(e) satisfies the H > H hypothesis. The 
distance function d is constant on S. 

Theorem [7J says that the equidistant surfaces are the only possible con- 
stant mean curvature Hq surfaces in M±{e) (with good orientation in M + (e)). 
If no equidistant surface has mean curvature Hq, no cmc Hq surface exists 
in Af±(e). 

As for Theorem [2l the proof of both cases are very similar so we will 
mainly focus on the first one. 

6.2.1 5 S^ M+(e) and H > 

Let us consider 5 in M + {e) and assume that S is not in one equidistant 
surface Ej (d is not constant along S). Let \i < e be the lower bound of 
d on S, we notice that this lower bound is never reached because of the 
H < Hq hypothesis and the maximum principle. 

The space N + (e — fj,) = S X [fj,,e] with the Riemannian metric ds 2 can 
be seen as an outside (e — /i)-half neighborhood of (E,da 2 ). Since M+(e) 
is regular, (S,d(j 2 ) is parabolic (n^ : S^ — > So is quasi-isometric) and 
N + (e — fj,) is regular. 

S can be viewed as properly immersed in N + (e — /i); thus we can assume 
that inf 5 d = in the statement of Theorem [71 

Thus 5 S-> M + (e) satisfies all the hypotheses of Theorem [2j So there 
are e' > and a surface S' properly immersed in M + (e') with nonempty 
boundary in Eg/. S' is well oriented, has cmc Hq and is stable, moreover the 
distance function d on S' is not constant. 

Let £\ be less that e'; for any point in 5'nM + (ei), the geodesic distance 
to dS' is lower bounded by e' — E\. Since S' is stable and M + (e') is geomet- 
rically bounded, the norm of the second fundamental form of S' is bounded 
in M + {e\). Choosing e\ sufficiently close to infg/ d, there is a constant c > 
such that, along S"nM + (ei), |(n,£)| > c where n is the normal to S' . Thus 
7r is a local quasi- isometry from S' to Eq. 
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Let D by the connected component of M + (e\) \ S' which contains £o- 
Let p be in S'r\M + (ei) and q = ir(p), along the geodesic segment [q,p] there 
is a point p' £ S' which is the closest to q. p' is in dD and we denote by 
S" the connected component of S' n M + (e±) which contains p' . S" is not 
in an equidistant surface to Sq. We notice that since S' is well oriented the 
mean curvature vector at p' points into D. Thus (n, £) < at p' which gives 
(w,£) < — c at p' . Since 5" is connected, we get (n,£) < — c along 5". 

Let us construct on S" a non constant bounded superharmonic function 
which does not reach its lower bound on the boundary. Let K be a real 
constant and consider the function: 

f K :R+->R, x (-)• — (1 - exp(-Kx)) 
K 

We have f' K {x) = exp(— Kx) > so fx is increasing and f K {x) A- K f' K (x) = 
0. 

Now, we use the computation ([2]) with f = fx- On 5" we have | (n, £) | < 
— c, this means that cosy > c in ([2]). But there exists A > such that 
1 — cos (p < A sin 2 y when cos y > c. Then, from ([2]), we get: 

A S ///k- o d < /£(d) sin 2 if + /^(d)(2F Asin 2 y - ( Kl cos 2 6» + k 2 sin 2 0) sin 2 y) 
< (/&(d) + /^(d)(2# A - ( Kl cos 2 6 + k 2 cos 2 0))) sin 2 y 

Since M + (e) is assumed to be regular there is a constant C such that 
max(|/ci|, \k2\) < C. Then considering i'T = 2HqA + C we get 

A 5 »/^ o d < (/&(d) + /^(d)(2iJ ^4 + (Ccos 2 + Csin 2 0))) sin 2 tp 

< (/^(d) + f' K (d)(2H A + C)) sin 2 y 

< 

fx ° d is then superharmonic on S"', bounded since d is bounded and 
fi< ° d < fx(^i) = (Ik ° d)ig5//. If we prove that 5" is parabolic at infinity 
we could conclude that fx ° d is constant and 5" C E 61 ; this will give the 
contradiction we look for and the first case of Theorem [7] will be proved. 

First we deal with a special case: S" is embedded. This case is not nec- 
essary for the general one but it explains some ideas. We have the following 
claim 

Claim 8. n is injective on S" . 

Proof. Let us assume that there is po and p\ in 5" such that vr(po) = tt(pi) 
and d(po) > d(pi). Let 7 : [0, 1] — > S" be a curve such that 7(0) = po and 

26 



7(1) = Pi- We denote tt o 7 by 7. 7 is a closed curve in So, so we can 
extend the definition of 7 by periodicity to M+. Since 7r : S" — > So is a 
local diffeomorphism, we can extend the definition of 7 as a lift of 7 to [0, to] 
where 7(^0) G 55" or to R + . 

We have d( 7 (0)) - d( 7 (l)) > then, for any t G [0,t - 1], d( 7 (t)) - 
d(7(t + 1)) > since this quantity never vanishes. Since d(7(t)) < e' , 
we get d(7(i)) < e' for any t > 1. Hence j(t) ^ <9S"' for t > 1 and 7 is 
then defined on K + . Thus 7(n) is a sequence of distinct points in S" with 
7T (l( n )) = ^(Po)- This contradicts the fact that S" is properly embedded 
and |(n,£)| > c. The map ir is then injective on S". D 

Since ir : S" — > So is an injective quasi-isometry and So is parabolic, S" 
is parabolic at infinity by Proposition [2 Theorem [7] would then be proved. 

Let us now write the general case: S" is only immersed. 

We recall that Dq is the connected component of M + {e\) \ S" that con- 
tains S . The boundary of D is composed by S and a set Sq made of points 
in S" and S £l (see FigureEJ. For any x in So, we define v(x) = mm{d(p),p G 
7r~ 1 (a;)n(S" / US ei )}. It is clear that the graph of v, {(x,v(x)) G S x [0,£i]}, 
is included in Sq. In fact we have equality because of the following claim. 

S E1 




So 
Figure 3: 

Claim 9. The function v is continuous. 

Proof. If v is not continuous there is a sequence of points (x n ) converging 
to x in So such that lim?;(x n ) = vo ^ v(x). Since S" U S £1 is closed, 
(x,vq) C S" U S £1 thus vo > v(x). (x,v(x)) is in S" U S £l thus there is 
a smooth function / defined in a neighborhood of x in So such that the 
graph of / is included in S" U S £l and f{x) = v(x) (we used the fact that 



27 



|( n >£)l > c along S"). Then / < vq near x and v(x n ) < f(x n ) for n large. 
We get a contradiction. □ 

In fact near a point p € So, S" and S £1 can be viewed as a finite union of 
graphs above a small disk in So around ir(p). Let us denote the associated 
functions by /j, then v = mim /j (in view of Subsection 12.31 fo = £\ and 
/l, ■ ■ ■ , / p have constant mean curvature graphs). The projection map tt : 
Sq — > So is then a homeomorphism. 

Let us denote by Oj the connected component of Sq minus the set of self- 
intersection points in S" and the set S" n E £1 (these are the points where v 
is given by only one fj). 

We denote 0, = vr(Oj) C So- By the description made in Subsection 12.31 
the boundary of Oj can be decomposed as the union of part Yi ,• and a set 
of vanishing Ti 1 measure. The set r\ ,• is the part of dVti n dilj where J7j 
"touches" ilj. On Qi, we consider the metric gi = 7r*(dS| ), this metric is 
well defined since 7r is smooth on S" and S £1 . Moreover since 7r is quasi- 
isometric along S" and E £l there is A; > such that p-dcrg < <7j < A; 2 dcjQ. 

On So we consider the function u defined by u(p) = fx od(7r^ (p))— £\ = 
/^ o d - gj. n is non-positive, smooth on each flj and A 9i -u < 0. In fact, 
in view of its definition and the definition of So, u can be interpreted as 
the minimum of several superharmonic functions so, in some sense, u is a 
superharmonic function. Let us explain how this idea can be used. The 
following computation are inspired by |12] (see also [HE]). 

Since (So,da"o) is parabolic there exists a sequence of compactly sup- 
ported smooth functions ((p n )n such that < ip n < 1, ((p~ 1 (l)) n is a compact 
exhaustion of Sq and 



lim / ||Vo¥?n||oduo = 

The subscript means that the computation are made with respect to the 
metric da^. 

We use the subscript i when the computation are made with respect to 
gi in fij. Let us define the following quantity : 



y2 / divi(<Pn'iiS7iU)dvi 



We notice that, since (p n is compactly supported, I n is well defined. 



2S 



In fact, because uAiU > 0, we have: 



In = ^ / 2(p n u(\7iip n ,Viu)idvi+ ip n \\Viu\\idvi+ / ^ttAj 

-XT/ 2{ PnU{Vi(p n ^iU)idVi+ I Lp 2 n \\V iU^dVi 

Because of Section [21 we also have : 

i JdQi 

= 9^ I / ^n«(ViU, i/i)id?£j + / ifluiVjU^^jdn) 

where fj is the outgoing normal from fij along Tjj. We notice that the 
results of Subsection 12.31 are applied for a Riemannian metric however this 
Stokes formula can be easily deduced from the Euclidean one. Let Cij be 
the part of dOi n dOj such that 7r(Qj) = T^j. Let n% be the unit outgoing 
normal from O t in 5" or S El . We then have: 

/ <f 2 n u{V i u,v i )id'H} + tp n u(VjU,Vj)jd'H 1 j 

= I t pl{fK°d-Ei)(V(f K od),n i }d'H ds 2 

+ I ^od- £l )(V(/Kod), nj )d^ 

= f vIUk o d - El )(f' K o d)(Vd,7^ + nj )dH ds 2 

where ip n is extended to M + {s\) by tp n (p) = ^Pni^ip))- 

By construction, a point p £ So is such that d(p) < d(q) for any q £ 
7r~ 1 (7r(p))n (S"UE E J this implies that along Cij, (Vd,ni + 7ij) > 0. Hence 
since iPnifK ° d — £\){f' K o d) < 0, we obtain J n < 0. This proves that 

y~] / 2(p n u(Vif n ,Viu)idvi + / ^||Vju|| 4 2 duj < 0. 
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Thus: 



^ / ^||Vtu||fdvi < -2^ / ip n u{Vif n ,Viu)idv 

2 * 2 4 



2 / /. \ 2 



Thus 



J^ / ^|| V . u ||2 dui < 4 J- /" n 2|| V .^| 



f&Vi. 



The function u is bounded and the metric g^ and dug are /c-quasi- 
isometric so there exists a constant C which does not depend on i and 
n such that 

,2|iv7 .- I|2j„. ^ r< I IIV7 ._ ||2, 



It ||ViVn||id7;j < C / ||Vo^n||odv . 

i Li J 1 Ln 



Hence 



V I ||V^||fd^ < AC I ||Vo^„||odw - 

Taking the limit n — > +oo we obtain : 

V / \\v i u\\]dv l = o. 

This implies that u is constant so So C S E1 , this gives the contradiction we 
look for and Theorem [7] is proved. 

6.2.2 S q-» M+(e) and H > 

In the second case, the only difference is the construction of the superhar- 
monic function. It is in fact simpler since we do not have to control (ra,£). 
From (|3j), we have 

As»fK o d < (/&(d) + f' K (d)( Kl cos 2 9 + k 2 sin 2 9)) sin 2 tp 

There is still a constant C such that max(|/ci|, |«2|) < C. Then considering 
K = C we get 

As-/* o d < (/&(d) + f K {d)C) sin 2 p 
<0 

Jk o d is then superharmonic and this gives also a contradiction. 
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6.3 Hypotheses and stable surfaces 

In this subsection, we want to make a remark about the hypothesis of The- 
orem [7J 

Let So be as in the theorem and assume that So has constant mean 
curvature Hq. Applying the Jacobi operator to the constant function 1, the 
hypothesis about the mean curvature of the equidistant surfaces implies that 
> L(l) = -(2Ric(n,n) + \A\ 2 ) along S . 

Now assume that So is stable, since So is parabolic there exists a se- 
quence of compactly supported smooth functions ((fk)k such that < (p^ < 
1, (99 A T 1 (l))fe is a compact exhaustion of So and 

lim / ||V^|| 2 = 
k Jxo 

Then by stability we get: 

0>/ -{2Ric{n,n) + \A\ 2 )> -(2Ric{n,n) + \A\ 2 )tp 2 k 

Jtpl x {l) JY.Q 

> / (p k Lipk - / \\V(f 

J En J'Ea 
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>-/ \\v>p k \\ 2 . 

J So 

Taking the limit as k goes to +oo, we obtain 2Ric(n, n) + \A\ 2 = along 
So- This implies that, at first order, the equidistant surfaces to So have 
constant mean curvature Hq. 

Now if the equidistant surfaces have constant mean curvature Hq, we 
get = L(l) and 2Ric(n, n) + \A\ 2 = 0. So is then a stable cmc Hq surface. 

If So is not stable, we see that there exists e' > such that no Sj, 
< t < e', has constant mean curvature Hq. Thus Theorem[7Jsays that there 
is no constant mean curvature Hq surface in M±(e') (with good orientation 
in M + {e')). 

7 Halfspace theorems in certain ambient spaces 

In this section, we prove a halfspace result when the ambient space is a Lie 
group with a left invariant Riemannian metric. 

Let G be a 3-dimensional connected Lie group and F be a normal prop- 
erly embedded 2-dimensional Lie subgroup. We denote by q and f the asso- 
ciated Lie algebras. 
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Let ds 2 be a left invariant metric on G. F is then a constant mean 
curvature surface in G. Do we have a halfspace theorem with respect to 
F? In fact for any g £ G, the coset gF is also a constant mean curvature 
surface in G. Since the left multiplication by g is an isometry, the halfspace 
problem is the same as the one for F. 

Let X £ q the left invariant unit vector field which is normal to F at e. 
Let Y be a left invariant vector field, we have 

(V X X,Y) = -([X,Y],X) 

Since F is normal, for any Y £ f , [X, Y] £ f . Then X normal to f implies 
that VxX = 0. Then t t- >• exp(iX) is the geodesic from e with speed X at 
e. 

The map F xM. —■ G, (/,£) h+ /exp(iX) is onto. Let t > be the 
lower bound of {i > 0| exp(tX) £ F}. If to exists, F does not separate G 
and the above map is bijective on F X [0, to). If to = +oo, G is diffeomorphic 
toFxl and F separates G. 

We have the following halfspace result. 

Proposition 10. Let G be a 3- dimensional connected Lie group with a left 
invariant metric ds 2 . Let F be a normal properly embedded 2- dimensional 
Lie subgroup ofG which is parabolic for the left invariant metric. We denote 
by Hq the mean curvature of F. Let S be a properly immersed constant mean 
curvature Hq surface in G with no boundary. 

• If F does not separate G and S is included in G\F, S is a coset gF. 

• If F separates G and S is included in the mean convex side of F, S is 
a coset gF. 

• If F separates G and S is included in the non mean convex side of F 
and is well oriented with respect to F , S is a coset gF. 

Let us just explain what is well oriented with respect to F. If G+ is the 
non mean convex side of F and D is the connected component of G+ \ S 
containing F, we ask that along S n dD the mean curvature vector of S 
points into D. 

Proof. Let X £ q still denote the left invariant unit vector field which is 
normal to F at e and points into the mean convex side. Let s i— > g(s) = 
exp(sX) be the geodesic curve from the unit element e £ G normal to 
f = T e F. For any / £ F, s i— > fg(s) is the geodesic curve from / £ F normal 



32 



to TfF. So the equidistant to F at distance t is Fg(t). Since F is normal 
Fg(t) = g(t)F, thus the equidistant to t has the same mean curvature as 
F and the norm of its second fundamental form is constant. We denote 
by Ft this equidistant. Depending on the case, G can be parametrized by 
F x [0,io) orFxl such that F x {s} is an equidistant surface to F. The 
mean convex side is the part included in F x R + (there is a change of sign 
with respect to the preceding section). The projection map ir s from F s to 
Fq is given by the right multiplication by g(s) . 

Let so € R be such that F x [0, so] n S is non empty. F x [0, sq] is then a 
outside or inside regular so-neighborhood that satisfies the hypothesis about 
the mean curvature of the equidistant (F x [0, sq] is regular because the right 
multiplication by g(s) _1 is quasi- isometric) . Moreover, F is parabolic, so 
Theorem [7] applies and S is an equidistant surface to F i.e. a coset gF. □ 

Proposition [10] can be applied in several situations. 

Example 1. For (/i, v) £ R 2 , let us define G{^i,v) = R 3 with the following 
Lie group structure: 

(xi,yi,zi) • (x 2 ,y 2 ,z 2 ) = {x\ + e^ Zl x 2 ,x 2 + e UZl y 2 ,z± + z 2 ) 

and the left invariant metric: 

9ilv = e -^ z dx 2 + e~ 2uz dy 2 + dz 2 . 

The surfaces {z = t} are the cosets of the normal Lie subgroup {z = 0} 
which is parabolic and has constant mean curvature H(fi,u) = \fi + H/2. 
Thus we have a halfspace result for cmc H(fi, v) surfaces in G((jl, v) with 
respect to these horizontal surfaces {z = t}. 

Proposition 11. Let S be a properly immersed constant mean curvature 
H(p, v) surface in G(fx, v) with no boundary. 

1. If S is included in the mean convex side of one {z = t}, S is equal to 
one {z = t'}. 

2. If S is included in the non mean convex side of one {z = t} and S is 
well oriented with respect to it, S is equal to one {z = t'}. 

Actually, some special cases of this proposition are already known. When 
u = = v, G(0, 0) is just R 3 with its Euclidean flat metric and Proposi- 
tion QT] is the classical halfspace theorem for minimal surfaces with respect 
to a plane [TT] . When \i = v = c ^ 0, G(c, c) is the hyperbolic space H 3 and 
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we recover the halfspace theorem with respect to horospheres [T7]- When 
(//, v) = (0, c) (c / 0), G(0, c) is H 2 (c) x R and Y> t are the horocylinders so 
we get the halfspace theorem proved in [ID]. The last special case is when 
fj, + v = 0, £r(— c, c) is the model space S0I3 and we obtain the halfspace 
theorem given by Theorem 1.5 in [DJ. 

Example 2. Let G be the Heisenberg group MI3 i.e. G = R 3 with the Lie 
group structure: 

(xi,yi,zi) • {x 2 ,y2,Z2) = (xi +x 2 ,yi +V2,Zl + z 2 + — — ) 

and the left invariant metric: 

ds = dx + dy + (-(ydx — xdy) + dz) 

For any (a, 6) £ K 2 \ {(0,0)}, the surfaces {ax + by = c} are the cosets of 
the normal Lie subgroup {ax + by = 0} which is parabolic and has mean 
curvature 0. Thus we recover the halfspace theorem for "vertical minimal 
planes" proved by B. Daniel and L. Hauswirth in [5]. 

Example 3. Let us consider, on G = R x Rl x R, the Lie group structure: 

(x 1 ,y 1 ,zi) • (x 2 , 2/2,22) = (zi +2/1^2,2/12/2,21 + 22) 

with the left invariant metric: 

4(dx 2 + dy 2 ) + (i, 
IT 2/ 

For any i, the surfaces Tit = {y = e*} are the cosets of the normal Lie 

1 d 
subgroup {y = 1} which is parabolic and has mean curvature vector — — — . 

Thus Proposition [TDJ can be apply to obtain Proposition IT2l 

In fact, as Riemannian manifolds, G is isometric to -PSX2(R) that is 
R x R?j_ x R with the same Riemannain metric but with a different Lie group 
structure (the expression of the Lie group structure is not easy to write so 
we prefer to omit it). For this Lie group structure, the metric is still left 
invariant but {y = 1} is no longer a subgroup. However we obtain the 
following halfspace result. 

Proposition 12. Let S be a properly immersed constant mean curvature ^ 
surface in PSL2QS.) with no boundary. 

1. If S is included in the mean convex side of one £4, S is equal to one 
5V. 

34 



ds 2 = -j (dx 2 + dy 2 ) + (-dx + dz) 2 



2. If S is included in the non mean convex side of one E$ and S is well 
oriented with respect to it, S is equal to one E^. 

In fact, the projection map (x, y, z) h-> (x, y) is a Riemannian submer- 
sion from PSL,2(M.) to H 2 . So the surfaces Ej that foliate PS^^) are 
called "vertical horocylinders" since they are the fiber over horocycles in 
H 2 . Proposition [12] is then a halfspace result with respect to the vertical 
horocylinders in PSLi2(M.). 

The author recently learns that this result is also proved by Carlos Pe- 
nafiel in ITB1 
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